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Abstract: For many decades the process industry has relied on PID control to boost plant performance 

and safety despite the availability of several advanced control techniques. Crucial to realising the 

benefits of PID control is finding the tuning values, which is challenging because a plant usually 

requires many control loops. Poor PID control tuning often becomes one of the reasons why a process 

plant performs below expectations. Many PID tuning rules are available, some of which have become 

well-accepted in the industry. The current paper presents a new tuning rule for designing a PID 

controller augmented with a filter based on combining the multi-scale control scheme and Routh 

stability criteria (MSC-RS design algorithm). Applying the algorithm to the Coal Mill temperature 

control demonstrates the effectiveness of the new rule compared to some of the well-known PID 

tuning methods adopted in the industry. 

Keywords: PID Control, SOPDT Model, AMIGO, Routh Stability, Multi-Scale Control. 

 

1. Introduction 

The Proportional-Integral-Derivative (PID) control makes up about 80% of the industrial 

controllers in the process industry [1]. Several advanced control techniques are available such as Model 

Predictive Control (MPC), but their applications are far less widespread than the PID technique. Such 

applications of the PID technique are due to several factors, among which its simplicity and robustness 

are the most cited advantages over advanced control techniques. 

Good PID tuning is vital to boost plant performance. Unfortunately, many industrial PID 

controllers have poor tunings, which caused the plants involved to perform below expectations [2]. The 

Ziegler-Nichols (ZN) method established several decades ago (in 194os) has provided a systematic 

approach to tuning PID controllers in the process industry. However, the performance of the PID 

controller obtained using the ZN method is sometimes unpredictable, i.e., either sluggish performance 

or highly oscillatory. Today, many tuning rules are available for PI/PID controller tuning. Numerous 

existing tuning rules are accessible in a handbook [3]. For more information, interested readers may 

refer to a recent review of PID tuning methods and applications [4]. 

Although several more recent tuning rules have emerged over the last four decades, which can 

outperform the classical ZN tuning method, two of the most well-accepted methods in the process 

industry are the SIMC [5] and AMIGO [6]. Both tuning methods are available in the MATLAB™ Control 

System Designer (vs. 2015a or later). Note that a designer can design a PID controller via many different 

theories such as Internal Model Control (IMC), Direct Synthesis, Frequency Response, and many more. 
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A recent one is the multi-scale control (MSC) scheme which requires the process model decomposition 

into a few basic modes. This work investigates whether MSC-based PID can provide improved 

performance over the well-established AMIGO and SIMC. Besides, the MSC scheme allows for a simpler 

design procedure to be developed based on each of the simple modes [7]. 

The present work aims to extend the MSC scheme to derive a PID tuning rule based on the second-

order model subject to Routh stability criteria. Specifically, the novelty of the present work lies in 

combining the MSC theory with the stability theorem in [8]. 

The structure of the remaining parts of this paper is as follows. Section 2 presents the concept of 

the multi-scale control scheme, derivation of PID controller stability region, and MSC-RS design 

algorithm. Next, Section 3 provides a case study to demonstrate the applicability of the proposed MSC-

RS design algorithm. Finally, Section 4 highlights some concluding remarks and future research 

directions. 

 

2. Methodology 

2.1. Multi-Scale Control Scheme 

According to the MSC scheme, a process consists of several modes (or factors), where each one is 

representable using a first-order or second-order system. The first-order system can represent a mode 

that behaves monotonically (without oscillation), and the second-order underdamped system to 

represent a mode exhibiting oscillatory dynamics. Figure 1 shows the block diagram of the MSC scheme 

where the process is decomposable into two factors: 𝑃 = 𝑀1 +𝑀2. The arrangement of the modes 𝑀𝑗 

for 𝑗 = 1, 2 is in the order from slow to fast dynamics. Hence, 𝑀1 has slower dynamics than 𝑀2. For 

more details about the multi-scale control scheme, interested readers may refer to [7], [9]. Note that 

𝐺𝑐1, 𝐺𝑐2, 𝑊2 and 𝑃 denote the outer-loop controller, inner-loop controller, multi-scale predictor, and 

process transfer functions, respectively. Meanwhile, 𝑅, 𝐸1, 𝑆, 𝐸2, 𝑈 and 𝑌 denote the external setpoint, 

outer-loop error, internal setpoint, inner-loop error, manipulated variable, and controlled variable 

signals, respectively. Note that we choose the faster mode to become the multi-scale predictor, i.e., 

𝑊2 = 𝑀2. 

 
Figure 1. Block diagram of two-layer multi-scale control scheme. 

 

Based on Figure 1, the closed-loop transfer function from 𝑆 to 𝑈 is given by, 

𝐻𝐼(𝑠) =
𝐺𝑐2(𝑠)

1 + 𝐺𝑐2(𝑠)𝑊2(𝑠)
 (1) 

The overall closed-loop transfer function from 𝑅 to 𝑌 is as follows: 

𝐻𝑟(𝑠) =
𝐺𝑐1(𝑠)𝑃𝑎(𝑠)

1 + 𝐺𝑐1(𝑠)𝑃𝑎(𝑠)
 (2) 

where 𝑃𝑎 = 𝐻𝐼𝑃 represents the augmented process. 

The overall multi-scale controller is expressible as below: 

𝐺𝑚𝑠𝑐(𝑠) = 𝐺𝑐1(𝑠)𝐻𝐼(𝑠) (3) 

Note that when the P-only controller is in the inner loop while the PI controller is in the outer one, 

the resulting multi-scale controller is transformable into a PID controller [10]. 

 

2.2. PIDF Controller Design 

To apply the MSC scheme to designing an ideal PID controller augmented with a filter (PIDF 

controller), let us consider a process model given as follows: 

𝐺𝑚(𝑠) =
𝐾𝑚𝑒

−𝜃𝑚𝑠

(𝜏𝑚1𝑠 + 1)(𝜏𝑚2𝑠 + 1)
  𝑤ℎ𝑒𝑟𝑒  𝜏𝑚1 > 𝜏𝑚2 > 0 (4) 

The process representation above is often well-known as the Second-Order plus Deadtime 

(SOPDT) model. The decomposition of the model results in the following two modes (𝑀1 and 𝑀2): 
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𝐺𝑚(𝑠) =
𝑘1𝑒

−𝜃𝑚𝑠

𝜏𝑚1𝑠 + 1⏟      
𝑀1

+
𝑘2𝑒

−𝜃𝑚𝑠

𝜏𝑚2𝑠 + 1⏟      
𝑀2

 (5) 

where the mode gains are given by, 

{
 

 𝑘1 =
𝐾𝑚𝜏𝑚1
𝜏𝑚1 − 𝜏𝑚2

𝑘2 =
𝐾𝑚𝜏𝑚2
𝜏𝑚2 − 𝜏𝑚1

 (6) 

Assumptions: 

• P-only controller for controlling the inner mode 𝑀2. 

• PI controller for controlling the outer mode 𝑀1. 

• 𝑒−𝜃𝑚𝑠 ≈ 1 − 𝜃𝑚𝑠 (i.e., first-order Taylor approximation). 

The generalised characteristic equation for the inner-layer is given by: 

(𝜏𝑚2 − 𝐾𝐿2𝜃𝑚)𝑠 + 𝐾𝐿2 + 1 = 0 (7) 

where 𝐾𝐿2 denotes the loop gain for the inner loop, i.e., 𝐾𝐿2 = 𝐾𝑐2𝐾2 and 𝐾𝑐2 is the controller gain. 

Applying Routh’s necessary stability criterion to the characteristic equation results in the 

stabilising region for the inner controller given as follows: 

𝐾𝑐2 =
𝑟𝑝2

𝑘2
(
𝜏𝑚2
𝜃𝑚
) , 0 < 𝑟𝑝2 < 1 (8) 

The setpoint transfer function corresponding to the inner loop becomes as follows: 

𝐻𝐼(𝑠) =
𝐾𝑎2(𝜏𝑚2𝑠 + 1)

𝜏𝑐2𝑠 + 1
 (9) 

where 𝐾𝑎2 and 𝜏𝑐2 are expressible as functions of mode parameters and dimensional parameter: 

{
 
 

 
 𝐾𝑎2 =

𝑟𝑝2𝜏𝑚2

𝑘2(𝑟𝑝2𝜏𝑚2 + 𝜃𝑚)

𝜏𝑐2 =
𝜏𝑚2𝜃𝑚(1 − 𝑟𝑝2)

𝑟𝑝2𝜏𝑚2 + 𝜃𝑚

 (10) 

The augmented process model is as follows: 

𝑃𝑎(𝑠) = 𝐻𝐼(𝑠)𝐺𝑚(𝑠) =
𝐾𝑎1𝑒

−𝜃𝑚𝑠

(𝜏𝑚1𝑠 + 1)(𝜏𝑐2𝑠 + 1)
 (11) 

where 𝐾𝑎1 = 𝐾𝑚𝐾𝑎2 

The closed-loop setpoint transfer function is expressed as follows: 

𝐻𝑟(𝑠) =
𝐺𝑐1(𝑠)𝑃𝑎(𝑠)

1 + 𝐺𝑐1(𝑠)𝑃𝑎(𝑠)
 (12) 

Note that the PI controller (outer layer sub-controller) is given by, 

𝐺𝑐1(𝑠) = 𝐾𝑐1 (1 +
1

𝜏𝐼𝑠
) (13) 

where 𝐾𝑐1 and 𝜏𝐼 denote the controller gain and reset time, respectively. 

The generalised characteristic equation corresponding to the outer layer sub-controller takes the 

following form: 

{
𝜏𝑚1𝜏𝑐2𝜏𝐼𝑠

3 + 𝜏𝐼(𝜏𝑚1 + 𝜏𝑐2 − 𝐾𝐿1𝜃𝑚)𝑠
2…

+[𝜏𝐼 + 𝐾𝐿1(𝜏𝐼 − 𝜃𝑚)]𝑠 + 𝐾𝐿1 = 0
 (14) 

where 𝐾𝐿1 = 𝐾𝑐1𝐾𝑎1 denoting the loop gain for the outer loop. 

By choosing 𝜏𝐼 > 𝜃𝑚 (i.e., a lower limit on the reset time, 𝐼𝑎 = 𝜃𝑚), there are one upper limit and 

two lower limits on the loop gain 𝐾𝐿1 as below: 

{
 
 

 
 𝐾𝐿1 < 𝐾𝐿1 =

𝜏𝑚1 + 𝜏𝑐1
𝜃𝑚

𝐾𝐿1 > 𝐾𝐿1𝑎 =
−𝜏𝐼

𝜏𝐼 − 𝜃𝑚

𝐾𝐿1 > 𝐾𝐿1𝑏 = 0

 (15) 

The stability region for the PI controller is expressible as below: 

{
𝐾𝑐1 =

𝑟𝑝1

𝐾𝑎1
(
𝜏𝑚1 + 𝜏𝑐2
𝜃𝑚

)   𝑤ℎ𝑒𝑟𝑒 0 < 𝑟𝑝1 < 1

𝜏𝐼 = 𝑟𝑖𝜃𝑚  𝑤ℎ𝑒𝑟𝑒 𝑟𝑖 > 1

 (16) 
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Note that the stability region above corresponds to Routh's necessary stability criterion. Since 

Routh's necessary criterion cannot guarantee closed-loop stability, we must adopt the Routh sufficient 

stability condition to refine the stability region above. In this case, we shall find another limit on the 

reset time given 𝐾𝑐1 by the necessary stability criterion. Alternatively, we can find an additional limit 

for the loop gain where the reset time takes the range following the Routh necessary stability criterion. 

In this work, we adopt the first approach. 

Based on the sufficient stability criterion, one can show that the reset time has another lower 

limit given by, 

𝜏𝐼 = 𝐼𝑏 =
𝐾𝐿1

1 + 𝐾𝐿1
(𝜃𝑚 +

𝜏𝑚1𝜏𝑐2
𝜏𝑚1 + 𝜏𝑐2 − 𝐾𝑙1𝜃𝑚

) (17) 

Since the reset time has two lower limits, the reset time must be greater than the maximum lower 

limit to achieve closed-loop stability. Hence, 𝜏𝐼 > 𝑚𝑎𝑥(𝐼𝑎 , 𝐼𝑏) and the refined stability region should 

be as follows: 

{
 
 

 
 𝐾𝑐1 =

𝑟𝑝1

𝐾𝑎1
(
𝜏𝑚1 + 𝜏𝑐2
𝜃𝑚

)   𝑤ℎ𝑒𝑟𝑒 0 < 𝑟𝑝1 < 1

𝜏𝐼 = 𝑟𝑖[𝑚𝑎𝑥(𝐼𝑎 , 𝐼𝑏)]  𝑤ℎ𝑒𝑟𝑒 𝑟𝑖 > 1

𝐼𝑎 = 𝜃𝑚,  𝐼𝑏 = 
𝐾𝐿1

1 + 𝐾𝐿1
(𝜃𝑚 +

𝜏𝑚1𝜏𝑐2
𝜏𝑚1 + 𝜏𝑐2 − 𝐾𝑙1𝜃𝑚

)

 (18) 

Note that the overall multi-scale controller is given as follows: 

𝐺𝑚𝑠𝑐(𝑠) = 𝐾𝑐1𝐾𝑎2 (1 +
1

𝜏𝐼𝑠
) (
𝜏𝑚2𝑠 + 1

𝜏𝑐2𝑠 + 1
) (19) 

Notice that the overall controller is similar to the classical (or interacting) PID form. The 

controller can be transformed into an ideal PID augmented with filter (i.e., PIDF controller): 

𝐺𝐶(𝑠) = 𝐾𝐶𝑎 (1 +
1

𝜏𝐼𝑎𝑠
+ 𝜏𝐷𝑎𝑠) (

1

𝜏𝑓𝑠 + 1
) (20) 

By comparing equations (19) and (20), the PIDF controller parameters are expressed as follows: 

{
 
 
 

 
 
 𝐾𝐶𝑎 =

𝐾𝑐1𝐾𝑎2(𝜏𝐼 + 𝜏𝑚2)

𝜏𝐼

𝜏𝐼𝑎 = 𝜏𝐼 + 𝜏𝑚2

𝜏𝐷𝑎 =
𝜏𝐼𝜏𝑚2
𝜏𝐼 + 𝜏𝑚2

𝜏𝑓 = 𝜏𝑐2

 (21) 

 

2.3. MSC-RS Design Algorithm 

Figure 2 shows the proposed Multi-Scale Control with Routh Stability (MSC-RS) design procedure 

using the equations derived in Section 2.2. The first step is to obtain the SOPDT model of the given 

process using the step test. Once the SOPDT model is available, the designer can apply the 

decomposition equations to determine two process modes. The next step (3) is vital because the 

designer has to specify values for the dimensionless tuning parameters (𝑟𝑝1, 𝑟𝑝2 and 𝑟𝑖). Considering 

the designer might have little idea of the appropriate tuning values, the known ranges of the 

dimensionless parameters can help - provided the values are within bounds and the closed-loop 

system should be stable. In this paper, the recommended values for 𝑟𝑝1  and 𝑟𝑝2  are 0.5 and 0.7, 

respectively. Given these parameter values, the designer can adjust the value of 𝑟𝑖 accordingly to meet 

the design criteria. Initially, the designer can use 𝑟𝑖 = 2.  

The recommended design criteria: 8𝑑𝐵 ≤ 𝐺𝑀 ≤ 10𝑑𝐵 , 55𝑜 ≤ 𝑃𝑀 ≤ 65𝑜 , and 3% ≤ 𝑂𝑆 ≤ 6%. 

Here, GM, PM, and OS correspond to the gain margin, phase margin, and percentage overshoot. Note 

that the designer can specify the design criteria appropriate to the specific process of interest. It is 

advisable to keep the default values of 𝑟𝑝1 and 𝑟𝑝2 but adjust only the 𝑟𝑖 value until the attainment of 

all design criteria. If the GM is outside the specified bound, the designer can readjust the 𝑟𝑝1 value 

while keeping the 𝑟𝑝2 at its default value. Then, the designer can refine the 𝑟𝑖 value until all criteria are 

met. 
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Figure 2. MSC-RS algorithm for designing a PIDF controller based on the SOPDT model. 

 

3. Illustrative Example 

To demonstrate the effectiveness of the MSC-RS design algorithm, we adopt the Coal Mill 

Temperature case study available in the Loop-Pro Trainer of Control Station (see 

https://controlstation.com/). The controlled variable is the coal mill temperature (𝑇), the disturbance 

is the coal feed flow rate (𝐷), and manipulated variable is the damper regulating fresh air flow (𝑈). The 

nominal operating conditions are 𝑈 = 50%, 𝑇 = 90𝑜𝐶, and 𝐷 = 10 𝑡𝑜𝑛𝑠/ℎ𝑟. Applying a step test to 

the manipulated variable with a magnitude of 10% (i.e., step up from 50% to 60%) generates the 

required plant data for fitting the SOPDT model. The sampling period for data recording is 0.1 s. The 

Loop-Pro can curve fit the data into the desired model. Here, two model fittings are applicable: First-

Order plus Deadtime (FOPDT) and SOPDT models. The FOPDT and SOPDT models are as below: 

FOPDT 

𝐺𝑚(𝑠) =
−2.42 exp(−28.75𝑠)

52.71𝑠 + 1
  𝑤ℎ𝑒𝑟𝑒 𝑅2 = 0.9976 (22) 

 

SOPDT 

𝐺𝑚(𝑠) =
−2.28exp (−17.59𝑠)

(28.78𝑠 + 1)(26.22𝑠 + 1)
  𝑤ℎ𝑒𝑟𝑒 𝑅2 = 0.9996 (23) 

 

In addition to designing a PIDF controller using the MSC-RS algorithm, we also obtain PIDF 

controllers using two well-known methods: SIMC and AMIGO step response available in the 

MATLAB™ Control System Designer (R2020a). Using each PIDF designer (i.e., AMIGO or SIMC), we 

obtain two PIDF controllers: one based on the FOPDT and another based on the SOPDT model. Note 

that the MSC-RS algorithm only gives one PIDF controller based on the SOPDT model, i.e., it does not 

apply to the FOPDT model. Table 1 shows the tuning, GM, and PM values of five PIDF controllers. For 

reference, the dimensionless parameter settings of the MSC-RS design are 𝑟𝑝1 = 0.5, 𝑟𝑝2 = 0.7 and 𝑟𝑖 =

1.6.  

The percentage overshoot (OS) assuming the deadtime is approximately representable using 1/1 

Padě formula is 𝑂𝑆 = 5%. Also note that the derivative action is based on the measured value, i.e., not 

based on the error. The measurement noise is assumed to have a six-sigma span of 0.3 (i.e., normally 

distributed noise). 
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Table 1. PIDF controller tuning values for the Coal Mill Temperature 

Method 𝑲𝒄 

(
𝑪𝒐

%
) 

𝑻𝑰 

(𝒎𝒊𝒏) 

𝑻𝑫 

(𝒎𝒊𝒏) 

𝑻𝒇 

(𝒎𝒊𝒏) 

𝑮𝑴 

(𝒅𝑩) 

𝑷𝑴 

(𝒅𝒆𝒈) 

MSC-RS-SOPDT -0.6984 54.36 13.57 0.22 9.7 59.8 

AMIGO-FOPDT -0.4390 47.00 13.30 1.20 10.3 61.1 

SIMC-FOPDT -0.4818 67.00 11.07 7.20 9.65 67.7 

AMIGO-SOPDT -0.4954 43.00 12.30 1.10 12.2 54.5 

SIMC-SOPDT -0.5581 64.00 10.56 6.30 9.52 60.5 

 

Figure 3 shows the setpoint tracking responses under the PIDF controllers in Table 1 when the 

setpoint increases from 90𝑜𝐶 to 110𝑜𝐶. Meanwhile, Table 2 shows the performance of the controllers 

based on the Integral Absolute error (IAE) values. Note that the PIDF controllers obtained using the 

SIMC and AMIGO methods, the PIDF controllers based on the FOPDT model demonstrate improved 

performances based on the IAE values. However, in term of the rise time, the PIDF tuned based on the 

SOPDT perform better than those based on the FOPDT. For the AMIGO method, the rise time 

corresponding to the PIDF based on the SOPDT is smaller, but its overshoot is higher than that based 

on the FOPDT. However, the overshoots shown by PIDF controllers obtained using the AMIGO and 

SIMC remain within acceptable bounds (between 3% and 13%), as advised in [4]. Therefore, the 

results suggest that using the more detailed SOPDT model for the PIDF controller tuning might not 

necessarily yield a controller with a better performance than the one based on the FOPDT model. 

Another important conclusion is that the PIDF controller obtained using the MSC-RS 

substantially outperforms the other PIDF controllers, i.e., it has the shortest rise and settling time, and 

smallest IAE value. Also, its overshoot is relatively low compared to the overshoots displayed by other 

controllers. In other words, the PIDF controller obtained via the MSC-RS algorithm produces smooth 

and fast setpoint tracking. Therefore, this result shows that the MSC-RS algorithm has the potential 

to give enhanced setpoint performance over the AMIGO and SIMC methods based on the SOPDT 

model. 

 

 
Figure 3. Setpoint tracking responses. 
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Figure 4. Disturbance rejection (step increase in coal feed from 10 ton/hr to 20 ton/hr (AMIGO 

and SIMC methods based on SOPDT model). 

 

Next, Figure 4 displays the disturbance rejection performances when the coal feed flow rate 

increases from 10 𝑡𝑜𝑛𝑠/ℎ𝑟 to 20 𝑡𝑜𝑛𝑠/ℎ𝑟 while keeping the setpoint at 90𝑜𝐶. Table 2 shows the IAE 

values corresponding to the five PIDF controllers. The disturbance rejection response of the PIDF 

controller obtained using the MSC-RS algorithm is substantially faster than the controllers obtained 

using the AMIGO or SIMC method in terms of the settling time (time to reach the zone of ±5% of the 

setpoint value. Also, the PIDF controller obtained via the MSC-RS algorithm gives the smallest IAE 

magnitude. The PIDF controller obtained using the SIMC shows the longest settling time and largest 

IAE value. Overall, the best disturbance rejection performance is by the MSC-RS's PIDF controller, 

followed by that of the AMIGO's PIDF, and the last one is by the SIMC's PIDF controller. 

 

Table 2. Comparative performances of the PIDF controllers based on IAE values. 

Method Setpoint Tracking Disturbance Rejection 

MSC-RS-SOPDT 835.0 367.7 

AMIGO-FOPDT 1490.7 565.0 

SIMC-FOPDT 2891.5 1097.8 

AMIGO-SOPDT 1526.9 504.7 

SIMC-SOPDT 2961.8 952.9 

 

 

4. Conclusions 

The work has established a new tuning rule (i.e., MSC-RS algorithm) for designing the PIDF 

controller based on the SOPDT model. Demonstrating the new algorithm in designing a PID controller 

to control the Coal Mill temperature highlights two crucial results. First, the PIDF controller design 

based on the higher-order SOPDT model can lead to better performance than the simple FOPT model 

for the SIMC and AMIGO methods for the disturbance rejection case, and vice versa for the setpoint 

tracking. Second, the new MSC-RS algorithm can lead to a PIDF controller with improved performance 

(i.e., setpoint tracking or disturbance rejection) over that obtained using the well-known SIMC or 

AMIGO method. Furthermore, the MSC-RS algorithm is flexible in achieving desired performance 
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requirements by adjusting its three dimensionless tuning parameters (𝑟𝑝1, 𝑟𝑝2, and 𝑟𝑖), which have well-

established ranges to ensure closed-loop stability. Unlike the SIMC or AMIGO method, the MSC-RS has 

a higher degree of freedom (more adjustable parameters) for easy modification to the algorithm to 

achieve a wide range of desired criteria. Potential future research directions include extending the 

current approach to integrating/unstable SISO and MIMO systems. 
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